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Abstract
The family of all k-independent sets of a graph containing a fixed vertex v is called a star and v is called its
center. Stars are interesting for their relation to Erdo¨s-Ko-Rado graphs. Hurlbert and Kamat conjectured
that in trees the largest stars are centered in leafs. This conjecture was disproven independently by Baber,
Borg, and Feghali, Johnson, and Thomas. In this paper we introduce a tool to bound the size of stars
centered at certain vertices by stars centered at leafs. We use this tool to show that caterpillars and sunlet
graphs satisfy Hurlbert and Kamat’s conjecture, and to show that the centers of the largest stars in lobsters
are either leafs or spinal vertices of degree 2.
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1. Introduction
The vertex and edge sets of G are denoted by V (G) and E(G), respectively. If H is a graph such that
V (H) ⊆ V (G) and E(H) ⊆ E(G), then we say that G contains H or H is a subgraph of G and denote it
H ⊆ G. Given a graph G and a set of vertices W , by G−W we denote the subgraph obtained by removing
from G every vertex in W and the corresponding edges. Also, given a vertex v ∈ V (G) the degree of v is the
number of vertices adjacent to v and denoted by deg(v).
For a positive integer n, let [n] := {1, 2, . . . , n}. If v1, v2, . . . , vn are the distinct vertices of a graph G
with E(G) = {vivi+1 : i ∈ [n − 1]}, then G is called a (v1, vn)-path or simply a path. We usually denote
paths with the letter P .
A graph G is a tree if |V (G)| ≥ 2 and G contains exactly one (v, w)-path for every v, w ∈ V (G) with
v 6= w. A vertex v of G is called a pendent vertex if it has only one vertex adjacent, i.e. deg(v) = 1. Pendent
vertices of trees are also called leaves.
A subset I of V (G) is an independent set of G if vw /∈ E(G) for every v, w ∈ I. Let IG denote the family
of all independent sets of G, and Ik
G
denote the family of all independent sets of G of size k. For v ∈ V (G)
the family Ik
G
(v) := {A ∈ Ik
G
: v ∈ A} is called a star of Ik
G
and v is called its star center.
The study of star centers in graphs is related to the study of Erdo¨s-Ko-Rado graphs. A graph G is said
to be k-EKR (Erdo¨s-Ko-Rado) if for any family of independent sets F ⊂ Ik
G
satisfying A ∩B 6= ∅ for every
A,B ∈ F , there is a vertex x ∈ V (G) such that |F| ≤ Ik
G
(v). Studying this problem Holroyd and Talbot, [6]
made the following conjecture.
Conjecture 1. Let G be a graph, and let µ(G) be the size of its smallest maximal independent set. Then G
is k-EKR for every 1 ≤ k ≤ µ(G)/2.
Most of the graphs known to satisfy Conjecture 1 contain at least one isolated vertex, see [5, 3, 7]. This
is because in order to prove that a graph is k-EKR one usually has to find the center of the largest star,
which is trivial when there is an isolated vertex, but can be quite difficult otherwise.
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This is why in [7] Hurlbert and Kamat studied stars in trees, as a first step to study Conjecture 1. There
they conjectured that for any k ≥ 1 and any tree T , there exists a leaf l ∈ V (T ), such that Ik
T
(l) is a star of
Ik
T
of maximum size.
Conjecture 2. For any k ≥ 1 and any tree T , there exists a leaf l of T such that |Ik
T
(v)| ≤ |Ik
T
(l)| for each
v ∈ V (T ).
Hurlbert and Kamat proved this conjecture for k ≤ 4, but the conjecture was shown to be false indepen-
dently by, Baber [1], Borg [2], and Feghali, Johnson and Thomas [4]. They all arrived at the same family
of counter examples, given by the tree Tm that consists of a set of m paths of length 2 connected to a
vertex v1, another set of m paths of length 2 connected to a vertex v2, and a vertex v0 connected to both
v1 and v2, see Figure 1. In [1, 2, 4] the authors showed that for m ≥ 3, the vertex v0 of Tm satisfies that
and |Ik
T
(l)| < |Ik
T
(v0)| for any leaf l of Tm and any 5 ≤ k ≤ 2m + 1 thus giving a counterexample to the
Conjecture.
v0
v1 v2
Figure 1: The graph T2, whose largest k-star for k ≥ 5 is centered at v0.
We say that a graph G satifies HK if for any k ≥ 1, there exists a pendent vertex l of G such that
|Ik
G
(v)| ≤ |Ik
G
(l)| for each v ∈ V (G). In [8], Hurlbert and Kamat considered spiders, which are trees that
have exactly one vertex of degree greater than 2. They use a function on the paths of the spider called “flip”
to prove that spiders satisfy HK. They then used flips together with a different function called “switch” to
order the size of the stars at the different leaves based on the length and parity of the path from the leaf to
the vertex of maximum degree. This is the only result so far showing that a family of graphs satisfy HK.
In this manuscript we study other families of graphs that satisfy HK. A tree C is a caterpillar if G
removing the leaves and incident edges produces a path graph P , called the spine. A tree L is called a
lobster if removing the leaves and incident edges produces a caterpillar C. Notice that the graph Tm studied
in [1, 2, 4] is a lobster. Thus we know that lobsters do not necessarily satisfy HK, and raises the question
of whether caterpillars do satisfy it. We answer this question by improving on the “flip” technique from [8]
to bound the size of the stars centered at some vertices by the size of stars centered at pendent vertices. We
also use this technique to show that if the star centered at a vertex v is larger than the stars centered at any
leaf ℓ, then deg(v) = 2 and v is in the spine of the caterpillar obtained by removing the leafs of L. We also
show that the technique is more general, by mentioning another family of graphs that satisfy HK.
The rest of this paper is organized as follows. In Section 2 we introduce our technique. In Section 3 we
apply the technique to show that some families of graphs, including caterpillars, are HK, and to study the
possible centers of stars in lobsters. In Section 4 we give some concluding remarks.
2. On the flipping technique
We start this section with a quite straightforward result, showing that “flipping” a path P gives a bijection
from the family of independent sets of P containing one leaf of the path to the family of independent sets
of P containing the other leaf. We then extend this idea to flipping a path P contained in a bigger graph
G, assuming that P satisfy certain conditions, and show that this gives an injection from the family of
independent sets of G containing a vertex v, to the family of independent sets of G containing a pendent
vertex l. Our technique ends up being a corollary of this last result.
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Figure 2: A graph G containing an escape path P .
Definition 2.1. Let flip : V (P )→ V (P ) be defined by flip(v) = n+ 1− v.
Notice that flip is its own inverse function, i.e. flip2 = idV (P ).
Considering flip as function from Ik
P
(1) to f(V (P )), by mapping each set A ⊆ V (P ) to f(A), we have
the following straightforward lemma.
Lemma 2.2. The function flip maps independent sets into independent sets, and induces a bijection from
Ik
P
onto itself. Furthermore, flip(IP (1)) = IP (n).
Proof. Let A be an independent set and assume v, w ∈ flip(A), with v 6= w. Then v = n + 1 − x and
w = n + 1 − y, where x, y ∈ A. Hence x 6= y and |v − w| = |x − y| > 1. Thus, flip(A) is an independent
set, and flip maps independent sets into independent sets. Hence flip induces a bijection from Ik
P
onto itself,
because it is a bijection on V (P ).
Finally, notice that for every A ∈ Ik
P
(1), 1 ∈ A and A is an independent k-set. Thus, flip(1) = n ∈ flip(A)
and flip(A) is an independent set containing n.
We are going to extend the flip function to more general graphs, but for this we need to focus on a special
type of paths.
Definition 2.3. Let G be a graph and P = v1v2, . . . vn a path of length n such that P ⊂ G. We say that P
is an escape path from v1 to vn in G if deg(vn) = 1 and deg(vi) = 2 for every 2 ≤ i ≤ n − 2. If this is the
case we say that v1 has an escape path to vn.
Notice that if P is an escape path in G, then G is obtained by joining a graph G1 to the first vertex of
the path P , a graph G2 to the second to last vertex of P , and a graph G3 to both vertices, (see Figure 2).
Definition 2.4. Let G be a graph and P = v1v2, . . . vn be an escape path from v1 to vn in G. Then the flip
of P in G, flipP : V (G)→ V (G), is the function defined as follows
flipP (v) =
{
v if v /∈ V (P )
vn+1−i if v = vi ∈ V (P ).
The flip of P acts as the function flip on the vertices of P , and leave the vertices outside of P fixed.
Again it is easy to see that flip2P (v) = v for every vertex v. On the other hand, flipP does not necessarily
map independent set to independent sets. As an example take the graph in Figure 2. If A is an independent
set containing vn and a vertex v ∈ (V (G1) ∪ V (G3)) adjacent to v1, then flipP (A) is not independent as it
contains v and v1. Similarly, if B is an independent set containing v2 and a vertex w ∈ (V (G2) ∪ V (G3))
adjacent to vn−1, then flipP (B) is not independent as it contains both w and v2. The next result shows that
flipP induces a one to one mapping of independent sets containing v1 into independent sets containing vn.
Lemma 2.5. Let G be a graph. If P = v1, v2, . . . , vn is an escape path from v1 to vn in G, then flipP induces
a one to one mapping from IG(v1) into IG(vn).
Proof. Let A ∈ IG(v1), and consider flipP (A).
As flipP (v1) = vn+1−1 = vn, vn ∈ flipP (A). We need to show that flipP (A) is an independent set.
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As flipP acts as flip on the vertices of P , flipP (A) ∩ V (P ) is an independent set by Lemma 2.2. As flipP
fixes the vertices in G − V (P ), flipP (A) ∩ V (G− V (P )) is an independent set. Then, the only way for
flipP (A) to have adjacent vertices is for one of the vertices to be in P and the other to be in G− V (P ). But
the only vertices in P having neighbors outside of P are vertices v1 and vn−1.
The set A does not contain any vertices in G−V (P ) that are neighbors with v1, because A is independent.
Thus, as flipP fixes vertices in G − V (P ), flipP (A) does not contain vertices in P that are adjacent to v1.
Furthermore, the independence of A also ensures that v2 6∈ A and thus flipP (A) does not contain vn−1.
Therefore, no pair of vertices in flipP (A) can be adjacent. Hence, flipP maps IG(v1) into IG(vn).
But, flip2P (v) = v for every vertex v, we have that flip
2
P (B) = B for every set B, hence flipP induces a
one to one mapping on sets of vertices.
Therefore, flipP induces a one to one mapping from IG(v1) into IG(vn).
In particular, Lemma 2.5 implies that |Ik
G
(v1)| ≤ |IkG(vn)|, yielding.
Theorem 2.6. Let G be a graph, v ∈ V (G), and k ≥ 1. If there is an escape path from v to a pendent
vertex ℓ, then |Ik
G
(v)| ≤ |Ik
G
(l)|.
Proof. The result follows from Lemma 2.5, as flipP induces a one to one mapping from IG(v) into IG(ℓ).
Theorem 2.6 proves to be an important tool in the study of stars in graphs, as we show in the next
section.
3. Star Centers for some Graphs and Trees
In this section we study the implications of Theorem 2.6 in different families of graphs. We begin by
proving that spiders and caterpillars are HK. Next we use Theorem 2.6 to study lobsters. We end the section
by showing a family of graphs that satisfy HK but are not trees. Note that the graphs in Theorem 2.6 are
in a sense quite generic, so the idea is to identify paths whose end vertices are pendent vertices thus the
stars centered on vertices other than the pendent vertex, are smaller than the star centered on the pendent
vertex.
3.1. Spiders
Given that our technique is based on the technique used in [8], it is an unsurprising corollary of Theorem
2.6 that spiders satisfy HK. To see this notice that every vertex of degree 2 has an escape path to at least
one leaf, whereas the vertex of degree greater than 2 has escape paths to every leaf.
Corollary 3.1. Spiders satisfy HK.
3.2. Caterpillar
It is easy to see that every vertex v of a caterpillar G that is not a leaf has an escape path to a leaf.
To see this just take the leaf ℓ that is closest to v. Then if w is vertex in the path from v to ℓ that is not
adjacent to ℓ, w cannot be adjacent to a leaf, and thus deg(w) = 2. Hence we have the following.
Corollary 3.2. Caterpillars satisfy HK.
3.3. Lobster Graphs
In general, Theorem 2.6 gives some insight into which vertices may be the center of the largest stars.
This is specially true for lobsters. Let L be a lobster, C the caterpillar obtained by removing the leaves of L,
and P the path obtained by removing the leaves of C. If v ∈ V (P ) we say that v is a spinal vertex. Clearly
every vertex in L− V (C) is a leaf. Every vertex in L− V (P ) is either a leaf, or adjacent to a leaf and thus
has an escape path to a leaf. For v ∈ V (P ), if v has degree at least 3 in L, then v has a neighbor w 6∈ V (P ).
As L is a lobster, the vertex w is either a leaf, or is neighbor with a leaf ℓ. In either case, there is an escape
path from v to a leaf. Thus the only vertices that may not have escape paths are the vertices in V (P ) of
degree 2. Hence, Theorem 2.6 implies that the largest stars are centered in leaves or in vertices on the path
P of degree 2.
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Theorem 3.3. Let L be a lobster, v ∈ V (L) and k ≥ 1. If v is not a spinal vertex of L or deg(v) 6= 2, then
there is a leaf ℓ ∈ V (L) such that Ik
L
(ℓ) ≥ Ik
L
(v).
In some sense, Theorem 3.3 shows that lobsters are as close as possible to satisfy HK. This is because
the degrees of the centers of the largest stars are either 1 or 2.
3.4. Sunlet graphs
Theorem 2.6 can be applied to show that many different graphs, not necessarily trees, satisfy HK. To
illustrate this, we study sunlet graphs. The n-sunlet graph is the graph on 2n vertices obtained by attaching
n pendant edges to a cycle graph Cn. Also attaching n paths of different lengths. Again, it is easy t see that
every non pendent vertex has an escape path to a pendent vertex, yielding the following result.
Corollary 3.4. Sunlet graphs satisfy HK.
4. Conclusion
In this paper we gave a tool to reduce the number of vertices one has to study in order to find the center
of the largest stars. We used this to prove that the center of the largest stars in caterpillars and sunlet
graphs are leaves, and that the center of the largest stars in lobster graphs are either leaves or spine vertices
of degree 2. A next step to prove that any of this families is EKR is to decide among leaves (and spine
vertices of degree 2), which one is the center of the largest star.
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